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A Solution of the Multiple-Binding Mean Spherical
Approximation for Ionic Mixtures
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The mean spherical approximation (MSA) for an arbitrary mixture of charged
hard spheres with saturating bonds is solved in the Wertheim formalism. Any
number of bonds is allowed. It is shown that the general solution is given in
terms of a screening MSA-like parameter "7, a cross-interaction parameter n”
that will depend on the binding association equations, the set of binding
association fractions, and an additional algebraic equation. The equation for I'7
is given for the general case. The equation for 5%, however, depends strongly on
the particular closure that is used to compute the contact pair correlation func-
tion. The full solution requires, as in the dimer case recently solved by Blum and
Bernard. solving m + 2 equations and additionally the inversion of a matrix of
size [(v—1)m] for a system with m components and v bonds. We recall that
when v =1, only dimers are allowed; for v=2, only linear chains are formed:
and when v 3, branching of the polymers occurs. It can be shown that the
excess entropy for the polymer case is as before, 4S™SA = (I 7)%3x + sticky
terms, where the sticky terms depend on the model and will be given in future
work.

KEY WORDS: lonic mixtures; mean spherical approximation; polymerizing
ions; multiple binding.

1. INTRODUCTION

The mean spherical approximation (MSA)''"* is an analytical theory for
the primitive model of ionic solutions as well as for models with molecular
solvents."*'" Some of the remarkable properties of the MSA are the fact
that for electrolytes the mathematical solution is expressed in terms of a
single screening parameter I, which plays a role similar to the well-known
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Debye~Hiickel (DH) screening parameter x,. The MSA is asymptotically
correct in the limit of high screening parameter (Debye length going to
zero, which implies either infinite charge or zero temperature for dense
systems),''*'*) where it satisfies the Onsager bounds''®’ for the Helmholtz
free energy and the internal energy of the system. Notice that the require-
ment for the free energy means that the ratio of the entropy to the internal
energy must go to zero in this limit, which is true for the MSA. These limits
are of course satisfied by the hypernetted chain theory (HNC)''' and its
improved versions. The internal energy of the MSA is an exact lower
bound!'>'* and is as accurate as the HNC and its modifications for
extreme high densities and charges.

A statistical mechanical approach to pairing is that of Stell and co-
workers, "*"'®) in which the association is represented by Baxter’s sticky
potential inside the hard core. The general ionic mixture with arbitrary sur-
face sticky interactions has been solved in the MSA"'®?® and it has been
shown that the excess functions due to the charges are all''®2" given in
terms of the scaling parameter I'®, which now depends on the degree of
association determined by the sticky potential.

The proper Ornstein—Zernike (OZ) equation which accounts for
saturation effects was constructed by Wertheim."?>>* This formalism can
accommodate both mechanisms in one single association parameter. The
association causes saturation effects in which only one bond is allowed
between the ions and the formalism has to be changed at the level of the
Ornstein—Zernike equation in a special way. The treatment now includes
the fraction of sites that are bonded, and that fraction is obtained by
imposing chemical equilibrium-type mass action laws. The Wertheim for-
malism is the proper way of incorporating the mass action law into the
statistical mechanical treatment of ionic mixtures.

This formalism was shown to be very successful for ionic systems, as
was the HNC approximation.'**?*) More recently the Wertheim formalism
was used to study numerically the binding effect for the restricted MSA "
applied to a symmetric 2-2 equal-size electrolyte, with excellent results for
the thermodynamic functions. A solution of the restricted linear polymer
MSA has been given by Kalyuzhnyi and Stell.*®

In this paper we extend the solution of the binding MSA for dimers
(BIMSA) of our previous work'®®' to the case of an arbitrary mixture of
polymerizing ions with any number of bonds v.*” As in our previous
work, the solution is given in terms of a scaling parameter'®'” I'" and a
number of coupling parameters that depends on the number of binding
association equations, plus the binding association equations themselves.
The theory and the analytical solution are presented in Section 2. In this
case the results will depend on the specific closures taken for the binding
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association equations. We will discuss one case in this work and leave
other interesting cases for future publications. The excess thermodynamic
properties, computed by charging up the “bound” system, keeps the form
as functions of the new screening parameter I'”.

2. THEORY

The Wertheim theory was initially formulated for sticky adsorption
points. The extension to isotropic bonding with saturation effects was
carried out by Kalyuzhnyi and Stell.*!” We consider a system with an
arbitrary number of components 0 < i< m, with number density p;, charge
ez; (e is the elementary charge), and hard-core diameter o;. The solvent is
a continuum with dielectric constant g,.

The temperature of the system is 7, Boltzmann’s constant is kg, and
we use ff=1/ky T throughout. Our system is neutral:

Y pezi=0 (1
P

We define the matrices h; and ¢
and direct correlation functions

;» which correspond to the pair indirect

/1(‘90) h(Ob)
—| ¥ i
hU_[h(IIO) h(ub):l’ a,b;ﬁO (2)
e e a,b#0 (3)
cfj c(uO) c(uhi N ’
i i

where the indices «, b indicate the degree of association.
The density parameters in the Wertheim—Ornstein—Zernike equation
(WOZ) are defined as
0.5_0) o.(iu) (4)
.=
T let® ol Py —a—b)

where v >« is the largest number of bonds per particle and the matrix ¢'“?)

has nonzero elements when the Heaviside function is satisfied. We have

O.;u)___ Z ptl_b) (5)
b=0
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so, for example,

("')._pi’Ol (6)
(l)_pj0)+p(l) (7)
(0,_p£0)+pil)+p1’) (8)

and so on.

In Wertheim’s theory the density of i is split into “bonded” p{“’ and
“not-bonded” p!* parts, which correspond to the (a) associated and non-
associated ions, respectively. We have the relation for the total or initial
density of species i

pi=a® 9)

To avoid confusion in the notation with the symbol g, it will be convenient
to use instead the degree of dissociation

(a)

o 272 (10)
Pi
Then, since ! =1,
Ui=pi[a(i”)] =pi4; (11)
For example, for v=2
1 OL‘.” 0(‘.2)
a,= ol 5_2) 0 (12)
20 0

which defines the matrix a;. The “normal” pair correlation function there-
fore is

hij(r) 100'(’)+Za(ulh(110)( )

a

+Za(b)h(0bl ’ )+ Z a((l)a(b)hﬂlb)( ) (13)
a,b
The WOZ is
hij(") =cy(r) _Z Pk J dry cyl|r, —1|) akhkj(rl) (14)
k

where r is the position, and the superscripts a, b run from 0 to v.
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The BIMSA boundary conditions are taken as''->*

:' 1 0
0

where ;= (1/2)(0,+ 0;) is now (and in the rest of this paper) the distance
of closest approach of the ions i/ and j.
Consider the sticky interactions u?}(r) for the pair 7,

exp[ —Buj(r)] = B2 0(r—0o) (16)

where 4, is the matrix of the sticky interactions, which are given. Then, the
Mayer function

fi=expl —Buj(nN]= —1+B°0(r—0o;) (17)
and the fraction of nonbound ions i, «;,'*>?*2") is given by a set of equa-
tions that depends on the closure used. Qur discussion is relevant to any
closure of the WOZ of the form

«}*’ = Functional [ g;(a,) #*’ (18)

Specific closures for linear polymers, for example, have been discussed by
several authors.'*"*%!

The feature of our solution is that the electrostatic charging process
can be computed in the MSA irrespective of the kind of closure. This
happens also when the normal Ornstein-Zernike equation is used.''”>"*"

To make contact with earlier work''**" we will use the parameter ¢,

14*) = Functional,[g,(a ;) A"’ (19)

The model should provide the relation of this parameter to the o
parameters of Eq. (18).

For the pair correlation function matrix the boundary condition is, in
this notation,

b o] ! 0

; B . - (20)
v 0 #4"/(2ra,)d(r—a})

rs<o;

where 7i/*’ is the sticky parameter for the association of the ions i and j
defined by Eq. (19). The observation already made in previous work''%2"!
is that there is an explicit general solution of the MSA for the class of
closures defined by Eq. (20).
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We use now the extension of the Baxter—Wertheim'***’ factorization

method to charged systems.’ We define the projections J; and S,

3y =2n [ dsshys) (21)

S,(N=2n [ dssey(s) (22)

From the boundary conditions (15) and (20) we get

nr? 4+ J00 o8
JU(’)z[ J(‘gO)J J(.jf'b’:l’ I‘SO’ij (23)
if if
pelzize ™M1 0
Su(r)z_g_oj_ﬂ_ 0 0 R l’>0',-j (24)

where the limit ¢ =0 needs to be taken at the end of the calculation.
We solve the set of coupled equations, as in previous work,

SN =2,(r) = pi [ dr, 24(r)) @, 25(r, 1) (25)
k

3,0 =2+ pic [ dr Julir, = 1)) @, 24(r)) (26)
k

The factor correlation functions 2;(r) are unknown.

From the analysis of the singularities of the problem'*'®' we see that
this function must be of the form
2:ry=[Q;(r)+1t;]1 0(c;—r)—z,a,e ™, Ap<r (27)
where we used the definition
)Lji=%(aj—a,) (28)

Performing the integrals in Eq. (25), we see that in the limit 4 = 0 both sides
have a simple pole. The residues of this pole must be equal, and therefore

B

2
4n e =Zpk[3kakaﬂ(om (29)
0 k

where

0)

a (l(-“)
a,:[ o ] (30)
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Similarly, from the discontinuity at r =0 in Eq. (25) we need

0 0
tif l:O [t]mb):| (31)

It is also clear that from Eq. (21, 26) Q;(r) must be a polynomial of
second degree, which is zero for r =0;. For convenience we write

Qy(r) = (1/2) Aylr —,)(r— ;) +By(r— ;) (32)

where the coefficients are matrices

r 41(00) {0b)
a,=| A A (33)
if A(uO) A(ab}
L%y i
and
(00) (0b)
— i y
Bif_ (a0) ((lb):| (34)
LP i i

We remark some of the properties of this function:

Q,-,»(a,,-)=0 (35)
o) =(1/2) 0;A,+B,; (36)

This last quantity yields the contact probability needed to calculate the
closure of the Wertheim theory (19). In fact, from Eq.(26) we get the
relation

216,8,(0;) =30,A,+ B+ ) prtubul —oiBiy—zra;+ 1] (37)
P

The solution of these equations leads to

B =Tl M, B =M, b=01.v  (38)
. WO =B@al?,  azl, b=0,1,.,v (39)

and
A =0, az1, b=0,1,.v (40)

2n
A0 = [1-+-C1 ’ZA] +2a%%, A= - T2+ 2aPn®  (41)

822/84/1-2-12
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We have used the following notation'*'®:
Cn :Z pko-z
k
X2= z PkZ'A-O'/%-
k
lb) zpl\ ,\a“”J“‘b’

Furthermore,

T_ (b (b)
B/ _ZBJ &;
b
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(42)

(43)
(44)

(46)

corresponds to the total electrostatic interaction parameter B; of previous

work.“*' It will be convenient to introduce

NT= BT+ g5 X ol + g

We have also

N(u) B(u) - B(a) — v,
+ Z p/\al\ +4A X2

M}O) N(0'+—ZPAUk Z (x(a)B(u)
azl
and

T
_AZ P[0k N + 2]
k

We use the notation

%(0) X{O)_UM(OI+_’ %';b)=a.‘_B(ib)’

and we will use this symbol in vector form,

ari0)
!

g[{ll
a=\""

i a2y
e

az=0

b=l

(47)

(51)

(52)
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We turn to the calculation of the coefficients a,. From Eq. (25), taking the

first derivative, and since the direct correlation function must be finite at
the origin, we get'*!”

—2Q5(0)= Z Pl Qul Ai) — zjap + 1ty ] O‘Ak[Q,?/;(Aki) - :ial+ t,{] (53)
k

Using Eq. (32) together with the above results, we find after some long
but straightforward algebra

1
0O _ L a0 _ B
a ’—9[ 2M 9 —24,7%] (54)
I
“‘i”‘=§ _235-‘”"'; {[t]a Pk‘l/\—ffrk}("'} (55)

where 2 is defined by
=Zpkykak[g‘k]r (56)
k

Here N[ is defined by Eq. (47) and 5% is given by Eq. (50).
We examine again Eq. (25). From the symmetry requirement

(ab) _
i

i = elp (57)

we get

:Qij('lji) =QT('1U) (58)

gt

Using Eqgs. (27) and (32), we obtain

o+ za = B+ z;al” (59)
Mo+ 2,0 = B0, (60)
(Wblg, = flbg, (61)
and from Eq. (38)
(X7 =[X"]al® (62)
[X®]al =0,Bal® (63)

o, B“"a"” a,B"a}® (64)
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Then

rr
a‘,‘(”:?‘%.:'”" (120 (65)

where I'7 is the MSA scaling parameter. In matrix form,

arr
[a,‘.]=? EA (66)

Here Z is given by Eq. (56), N{ is defined by Eq. (47), and 5% is given
by Eq. (50):

=2 Y o Al (67)
ZA k «

The full solution of the problem is obtained by solving the linear
system (59)-(67):

ARSI (68)
k

where [a], is defined by Eq. (11) and

(n/24) 0,0, 0

_ T X .
-4 <1+Frfk>5m-l+0'[ 0 —[tl

] P i (69)

0
[z]= 0 (70)

The formal solution of Eq. (68) is

(2)i=2 [ ] [2] (71)
K
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Explicit forms of this matrix for various models for the linear chain
and the colloidal mixture will be given in future work. Using this result in
Eq. (29), we get the closure equation for the parameter I"7,

AT AN (72)

There is a second nonlinear equation for the parameter n%, which
depends strongly on the closure approximation for the single density
matrix. This equation changes with the model and the approximations, but
requires the contact probability. We observe that from Egs. (36), (38), and
(41) we get for the contact probability in the MSA,

B HardSphe S ﬁ b
2ro;85(0;) =216, 8, T (0 ) 6,00p0 — 20— XA

F T 600 = 110000 — 11+ 16,00 650— 1]

+"_lega>5,,(,[(5uo_ 1. a,b>0 (73)
We have used
"” Zp,\a,\Za“”!“’b’ (74)
and
=Y prtutty (75)

k

We will need in the next section

8 AEMSA [ 2, aXT]
925 | =y | p, 2% (76)
[ arT } Z Pig.art|,,

From the above equations we get by direct differentiation an expression of
the derivative of the right-hand side term:

[a[b’Ti]

T R ARIES )
.t k
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Using the closure relation (72), we get the simple and useful relation

SA 72
[ 3 AEM } N 78)

or’ n

which will be used below.

2.1. Thermodynamic Properties

The standard expression for the excess energy per unit volume is'?
AEMSA=%Zp,ij Jdl'u,-j(l‘)gij(l’)47tl'2 (79)
v )

where u;(r} is the electrostatic interaction potential and g;(r)=h;(r) +1 is
the total radial distribution function. After some calculations'* %3 we get

()2 ()2 Z;
ﬁAEhdSAz?Zpi:iNZ‘:;Zpi;[X'T—:i (80)

We calculate the excess free energy by charging up the system of the
polymerizing discharged ions. We use the thermodynamic relation

%(ﬂAAMSA)=AEMSA (81)

where 44™54 is the excess free energy. Integrating by parts this equation,
we havel 19.36)

rr7 o
/))AAMSA‘—‘AEMSA—J dF’ﬂ’—,AEMSA (82)
0 or

We need to compute

GAEMSA |: 6AEMSA]

s orr orr

+Y

ia

(83)

ﬂadEM“ do;,
rﬂarr

aai.u

Using Eq.(78), we get the following expression of the Helmholtz free
energy:

T3
ﬁAAMSA—_-IBAEMSA+[I; ] _ﬁdsslicky (84)
V4
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where

e rT , ’m.v 5AEMSA aa(iu)
a5 ~ky [ ar' p ZH ol ]marr

ioa

9 AEMSAY - ors?
[ ati’."jb) }l"’.a‘z arT]

+)

Jb

(85)

We need to calculate du(”’/0I'" and 0r{%"'/oI'", which are obtained
from the closure relations of the association problem. An explicit general
solution of this system is complex, but some simpler cases of interest can
be solved explicitly. This is left for the future.

MSA

The excess osmotic coefficient ¢ is obtained as before from the

thermodynamic relation''?’

5 [ A4MSA
(/)MSA =C |: :|
I'T = const

Y G
_‘: i[AEMSA] [FB]B (L) ; _a_[ASslicky]
OOCO go T =const 37'[{:0 kB goaio CO I'T = const
(86)

where {, is given by Eq. (42). Finally, we get the activity coefficient from
the thermodynamic formula

MSA

Alnyz=p + 4™ (87)

Co

which yields
8 AE MSA 1 a ASsticky
1 _ = - - — _
4ln Vs ﬁ [ aCO :| 7 =const <kB> /)) [ aCO } I'T=const (88)
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